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Generalizing the work of Connor [2] and Bose and Laskar [l], 
Dowling [4] has obtained a characterization of the T, graph. Similar 
characterizations have been obtained for the graph of the &-association 
scheme by Shrikhande [7] and for the cubic lattice graph by Laskar [51. 
All these graphs are particular cases of the graph G(Z, II, m) defined below. 
In this paper we give a characterization of the graph G(I, IZ, m) when 
m < 5 and 
(I - m + 1)n > max{l + $m(m + l), 2m2 - 3m + 5). 
All graphs considered in this paper are finite, undirected and have no 
loops or multiple edges. 
We will use the following definitions: 
A clique is a set of vertices any two of which are adjacent. A clique is 
said to be complete if it is not contained in any other clique. 
Let S be a set of vertices of a graph G and u another vertex. Then [u, S] 
is said to be a claw if u is adjacent to every vertex in S and no two vertices 
of S are adjacent. The order of the claw is / S 1, the number of elements of S. 
The graph G(Z, IZ, m) is defined as follows: consider I disjoint sets 
s1 9 & ,***> St, each with n elements. The vertices of G(I, n, m) are the 
unordered m-tuples of elements of uicl Si , where in any such m-tuple, 
at most one element of Si can be present for i = 1, 2,..., 1. Two vertices of 
G(l, n, m) are joined by an edge if and only if the corresponding m-tuples 
contain a common (m - 1)-tuple. 
I f  K and L are two sets of vertices of G, a bridge between K and L is 
an edge with one end vertex in K - L and the other end vertex in L - K. 
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MAIN RESULT 
Let I > m 3 1, n >, 1 and k = (1 - m + 1)~ Then the main result of 
this paper can be stated as: 
THEOREM. If G is a graph satisfying the following conditions for m < 5, 
then G = G(1, n, m). 
(I) The number of vertices of G is (A) n”“. 
(2) For every edge (x, y) of G, d(x, y), the number of vertices simul- 
taneously joined to x and y, is either k - 2 or k + m - 3. An edge (x, y) 
will be said to be of type 1 or type 2 according as d(x, y) is k - 2 or 
k + m - 3. 
(3) G is regular of degree m(k - 1) and m(n - 1) of the edges incident 
with any vertex are of type 1. 
(4) Let (x, y), (x, z) be edges and (y, z) not an edge. Let S be the 
subgraph generated by the vertices simultaneously joined to y and z. Then 
S = G, if both (x, y) and (x, z) are of type 1, 
S = G, if exactly one of (x, y) and (x, z) is of type 1, 
S = G, or G, if both (x, y) and (x, z) are of type 2. 
0 0 
G, 
FIGURE I 
(5) In G, there is no clique on k + 1 vertices with all edges of type 2. 
(6) If (x, y), (x, z) are edges of type 1 and ( y, z) is not an edge, then the 
number of vertices which are joined to y and are at distance 3 from z is 
(m - 2)(k - 1). 
(7) k > max(1 + +m(m + I), 2m2 - 3m + 5). 
It can be easily proved that, if G = G(I, n, m), then G satisfies the 
conditions (1) to (6) of the theorem. 
If m = 1, conditions (1) to (3) of the theorem imply that G is the 
complete graph on In vertices. Thus the theorem is trivial for m = 1, 
so we assume the result for m - 1 and prove it for m when 2 ,< m < 5. 
Let G be a graph satisfying conditions (1) to (5) and (7) of the theorem 
and let 2 < m < 5. 
We call a clique K of G major if j K ) > k - (m - 1)“. A major complete 
266 RAO 
clique is called a grand clique. Then the following results follow from those 
of [I]byreplacingd(x,y) = k - 2 + a!byd(x,y) = k - 2ork fm - 3 
according as a lower bound or an upper bound is required: 
(i) every edge of G belongs to exactly one grand clique, 
(ii) every vertex of G belongs to exactly m grand cliques. 
In view of (i) above, we will denote the grand clique containing the 
edge (x, Y) by 0, Y\. 
Now consider the m grand cliques containing any vertex X. If one of 
these has k + 1 or more vertices, then all its edges are of type 2, a contra- 
diction to condition (5). By (3) it follows that every grand clique containing 
x has exactly k vertices. 
If K1 , & are grand cliques of G, we will write (K1, KJ E h(G) if KI and 
KS have a common vertex. We will write (KI, K,) E q(G) if there is a 
one-one correspondence between the vertices of KI and the vertices of Kz 
in such a way that a vertex of KI and a vertex of K, are adjacent if and 
only if they correspond. We also define a new graph G* thus: the vertices 
of G* are the grand cliques of G and two vertices K, and K, of G* are 
adjacent if and only if either (K, , Kz) E h(G) or (KI , Kz) E q(G). 
LEMMA 1. Let KI , K, ,..., K, be the grand cliques containing a vertex u. 
If v1 is a vertex of KI such that (u, vl) is of type 2, then v1 is,joined to exactly 
one vertex vi of Ki - u for i = 2 ,..., m, and v1 ,..., v,n form a clique. 
Proof. There exists a vertex wi in Ki (2 < i < m) such that u1 is not 
adjacent to Wi . Then, by (4), it follows that 21~ is joined to at most one 
vertex of Ki - u, and, by (2), v1 is joined to exactly one vertex t’i of Ki - II. 
If possible, let (tli , vj) be not an edge where 2 < i < j ,< M. Then zli is 
joined to a vertex vj’ of Ki - u and vj is joined to a vertex vi’ of Ki - II. 
Now U, v1 , vi’, vjr are joined simultaneously to vi and vi , contradicting (4). 
This proves the lemma. 
From condition (3) and Lemma 1 it also follows that, if K is a grand 
clique containing a vertex u, then there are exactly iz - 1 vertices o in K 
such that (u, v) is of type 1. 
We now consider the following condition: 
(6’) If two grand cliques KI and Kz of G have two bridges at least one 
of which is of type 1, then (KI , Kz) E q(G). 
LEMMA 2. Let G satisfy condition (6’) also. Let (ul , uz) be an edge of 
type 1, and let KI be a grand clique containing uI but not u2 . Then there is 
exactly one grand clique Kz containing u2 such that (KI , K,) E 7(G). 
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Proof: Let v1 be a vertex of K1 such that (ul , ul) is of type 1. Then, 
by (4), u1 is joined to exactly one vertex u2 adjacent to 11~ and different 
from u1 . Taking (z+ , vJ as K, , we have by (6’) that (K1 , K,) E 7(G). If 
(Kl> 4) E -q(G) f or some other grand clique K3 containing u2 , then 
A(& 2 4 > 2, a contradiction. This proves the lemma. 
LEMMA 3. Let G satisLv condition (6’). If vertices u1 , v1 , w1 of G form 
a triangle and if (ul , ~1,) and (ul , wl) are of type I, then (ul , wJ is also of 
ti’pe 1. 
Proof: If possible, let (nl , wl) be of type 2. By hypothesis, ~r , z)~ , wr 
belong to the same grand clique Kr . Let u2 be a vertex not in k; such that 
(nl , uz) is an edge of type 1. Then by Lemma 2, there is a grand clique K, 
containing u2 such that (K1 , K,) E 7(G). Let v2 and w2 be the vertices of Kz 
joined to vr and wr , respectively. Since (vl , wr) is of type 2, w1 is joined 
to a vertex x of (vl , v2)’ other than v, . Now by (4), x is joined to wz . 
Since (w, , wp) is of type 1, w1 , w2 , x belong to the same grand clique. 
Thus (a,, u$) and <wl , wz> have a common vertex. Now, by (6’) 
((4 1 U%:‘, (01 , ~2) E v(G) and ((ul, u,h <wl, w&) E q(G). This is a contra- 
diction to Lemma 2 and proves Lemma 3. 
LEMMA 4. Let G satisfy condition (6’). If (Kl , K,), (K2, KS) E v(G), 
and there is a bridge (ul , zi3) between Kl and K3, then (Kl , KJ E q(G) and 
(Kz , <ul , u&) E h(G). 
Proof. Let (ul , us) be a bridge between Kl and K3 and let ~1~ be the 
vertex of K, adjacent to u1 . If u2 is not adjacent to z13, let vg be the vertex 
of K3 adjacent to zt2. Then KS and (zil, u%) have two bridges (ur , uQ) and 
(u2 , v,), and (u2 , v3) is of type 1. Hence (KS , (LIP , @) E q(G), a contra- 
diction to Lemma 2. Thus u2 is adjacent to U, . Now, by Lemma 3, (~1~ , UJ 
is of type 1 and u1 , u2 , ug belong to the same grand clique. Let now w2 
be a vertex of K, such that (u2, WJ is of type 1 and let wi be the vertex of 
Ki adjacent to w2, i = I, 3. Then (v , wl) and (u, , w.J are also of type 1 
and, by Lemma 2, it follows that w1 , We, w3 belong to the same grand 
clique. Hence, by (6’), (Kl , KJ E q(G) and this completes the proof of the 
lemma. 
LEMMA 5. Let G satisfy conditions (1) to (5) and (7) of the theorem 
where m < 5. Then condition (6) implies condition (6’) and if m < 4, then 
condition (6) is equivalent to condition (6’). 
Proof. Let G satisfy condition (6). Let Kl and Kz be two grand cliques 
with two bridges, one of which, say (ul, u,), is of type 1. Let L, = (ul , u,>, 
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Lz = K, , L, ,.,., L,, be the grand cliques containing the vertex u2 . If u1 is 
a vertex of KI such that (uI , s) is of type I, then, by (4), or is joined to 
exactly one vertex other than u2 of Uz, Li . Now, by (6), this vertex 
belongs to L, and it easily follows that (KI , Kz) E q(G). 
To prove the converse, let G satisfy the condition (6’) and let m < 4. 
We will take m = 4; the case m = 3 is easier. Let Ki , i = 1, 2, 3, 4, be 
the grand cliques containing a vertex u and let w be a vertex joined to 
vertices v1 of KI and v2 of K, by edges of type I, where (u, vr) and (u, UJ 
are also of type 1. Then (KI . (w, z&)) E q(G) and (K, , (w, vl)) E 7(G). 
Suppose now that there exists a vertex in KS u K4 , say xa of KS, such that 
d(w, xJ < 2. We consider two cases: 
Case (i). (u, x3) is of type 2. Then, by Lemma 1, xg is adjacent to a 
vertex xi of Ki for i = 1,2,4. Now d(w, x3) # 1, so let y be a vertex 
joined to both M’ and x3. If y E (x3, x,), then, by Lemma 2, 
((w, VA (x1 , x3)) E q(G). So, by Lemma 4, VG , <x1 , x3)) E r](G), a 
contradiction. Thus y $ (x, , x1) and similarly y # (x3 , x2). This is a 
contradiction since, by (4), w is joined to at least two vertices in distinct 
grand cliques containing xa . 
Case (ii). (u, x3) is of type 1. Then let L, , Lz , L, be the grand cliques 
containing the vertex xQ such that (Li , KJ E q(G) for i = 1, 2,4. Then, 
by Lemma 4, w cannot be adjacent to any vertex of L1 or L, . This is a 
contradiction since w is joined to at least two vertices in distinct grand 
cliques containing xQ . 
Thus we have proved that every vertex of K3 and K4 (except U) is at 
distance 3 from w. This completes the proof of the lemma. 
Let now G satisfy the conditions (1) to (7) of the theorem with 
2 < m < 5. 
LEMMA 6. Zf two grand cliques KI and Kz have a bridge (ul , u2) of type 1, 
and there exist vertices vl E KI - u1 and v2 E K, - u2 such that (ul , vl) 
is of type 1 and d(v, , v2) < 2, then (KI , K,) E q(G). Zffurther (a2 , v2) is of 
type 1, and h , v ) 2 is not an edge, then there are exactly two vertices adjacent 
to both v1 and v2 and these belong to KI and K2 . 
Proof. By Lemma 2, there is an unique grand clique K containing the 
vertex u2 such that (K, KJ E v(G). If K f K, , then, by condition (6) 
d(v, , v2) = 3, a co n ra ic ion. Thus (KI , K,) E q(G). If now (u, , v.J is of t d t’ 
type 1 and (a1 , v.J is not an edge, then v1 is joined to a vertex x, of K, , and 
ve is joined to a vertex x1 of KI . Then it follows from Lemma 3 and 
condition (4) that rl(v r , VJ = 2 and the lemma is proved. 
A CHARACTERIZATION OF A CLASS OF REGULAR GRAPHS 269 
Since every vertex of G belongs to exactly m grand cliques and every 
grand clique has exactly k vertices, it follows that the number of vertices 
of G* is (h-,) n”-‘. 
Take a grand clique ICI of G. Let u be a vertex of Kl and (u, a) an edge 
not in Kl and of type 1. Then there is exactly one grand clique K containing 
the vertex v such that (Kl , K) E 7(G). Now there are k vertices u in Kl 
and for any fixed u there are (m - l)(n - 1) vertices u. The 
k(m - l)(n - 1) vertices v thus obtained are all distinct, for otherwise a 
vertex outside Kl will be joined to two vertices of Kl by edges of type 1. 
If K is any grand clique such that (Kl , K) E q(G), then each of the k bridges 
taken as (u, v) gives rise to the same K. Thus the number of grand cliques 
K such that (Kl , K) E 7(G) is (m - l)(n - I). Also the number of grand 
cliques intersecting Kl is k(m - 1). Hence the degree of any vertex of G* is 
(m - 1)[(1 - m + 2)n - 11. 
Let (Kl , K,) E h(G). Then there are exactly k - 1 - (n - 1) = (I - m)n 
bridges between Kl and Kz . Also there are m - 2 other grand cliques 
containing the vertex common to Kl and K, . Thus the number of grand 
cliques intersecting both Kl and K, is (I - m)n f m - 2. By Lemma 2, 
there is no grand clique K such that (K, K,), (K, K,) E q(G). The number 
of grand cliques K such that (K, Kl) E 7(G) and (K, Kz) E X(G) 
is n - 1. Thus d(K, ,K,) in G* is (I - m)n + m - 2 + 2(n - 1) = 
(I - m + 2)n + (m - 1) - 3. 
Let (K, , K,) E v(G). Then there are exactly k grand cliques intersecting 
both Kl and K, . There cannot be any grand clique K such that 
(K, Kl) E h(G) and (K, K,) E v(G). Let (ul, u2) be a bridge between Kl 
and K, . Take a vertex us in the grand clique (ul , LIP) such that (ul , UJ 
is of type 1, By Lemma 2 there is a grand clique K3 containing uQ such that 
(Kl , KJ E 7(G). Since K, and K3 have a bridge (u2, zQ. it follows by 
Lemma 4 that (K, , KJ E 7(G). This way we get n - 2 grand cliques 
& , K, ,..., K, such that (K,,K,), (K,,KJET(G) for i = 3,4,...,n. 
Suppose now that K is a grand clique such that (K, Kl), (K, K,) E 7(G). 
Then, by Lemma 4, some vertex u of K is joined to U, and u2 , thus u = ui 
and K = Ki for some i = 3,4 ,..., n. Thus d(K, , KJ in G* is k $ n - 2 = 
(I - m + 2)n - 2. 
Let Kl , K, , K3 be grand cliques of G such that (Kl, Kz) E h(G), 
(Kl , KS) E r(G) and (K, , KJ is not an edge in G*. Let (ul , u,), (vl , us) etc. 
be bridges between Kl and K3, and let u1 be the vertex common to Kl 
and K, . By Lemmas 2 and 4, (ul , U& is the only grand clique intersecting 
both K, and K3 . Let now K be a grand clique of G such that (K, K,) E X(G) 
and (K, K3) E y(G). If K intersects K, in a vertex u2 other than u1 , then, by 
Lemma 4, ul, u2, ug belong to the same grand clique, a contradiction. 
Thus K intersects Kz in u1 , so K = Kl . Let L be a grand clique intersecting 
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K3 and let (L, K,) E v(G). Suppose that us is the vertex common to L 
and K3 . Now through us passes a grand clique K4 such that (K, , K4) E 7(G). 
Since L and K4 have a bridge (us , u,), by Lemma 4, u1 , z13 , us belong to 
the same grand clique, a contradiction, Thus L = K4 , It is evident that 
there is no grand clique K such that (K, K,), (K, KS) E 7(G). Thus the 
vertices of G* joined simultaneously to K, and K3 are Kl , (z/i, us) and K4 
and it can be easily seen that the subgraph generated by these three vertices 
is G, of Figure 1. 
Let Kl , K, , K3 be grand cliques of G such that (Kl , K.J, (Kl , KJ E h(G) 
and (Kz, K3) is not an edge in G*. Let Kl meet the cliques K, and K3 in the 
vertices u2 and uQ , respectively. If (u2 , UJ is of type 1, we get the situation 
described in the previous paragraph. So let (u2 , uQ) be of type 2. Then z12 is 
joined to another vertex ~i’~ of KS, and uQ is joined to another vertex v2 of 
Kz . Now, by Lemma 1, (Q , zig) is an edge. If there is another bridge 
(w, , ws) between K, and KS, then another vertex x2 of Kz exists such that 
(-“2 2 wJ is an edge. Now us, ~a, w2 , x2 are adjacent simultaneously to z)~ 
and wg contradicting condition (4). Thus there are exactly four bridges 
between Kz and K3 and it can be easily verified that the grand cliques 
containing them form a cycle in G *. It is evident that there is no grand 
clique K such that either (K, K,), (K, KJ E 7(G) or (K, K2) E h(G) and 
(K KJ E rl(G). 
Let Kl , K2, K3 be grand cliques of G such that (Kl , K,), (Kl , KS) E -q(G) 
and (K, , KS) is not an edge in G*. Let (zti , u,), (ui , VJ etc. be bridges 
between Kl and K, ; let (ul , u,), (vr , us) etc. be bridges between Kl and 
KS. Let K # Kl be any grand clique such that (K, K,), (K, KJ E q(G). 
Suppose a vertex zl of K is joined to u2 of K2 and us of KS. Then, by 
Lemma 6, ((21~ , us), <\tr, , ui) E v(G) and L’~ belongs to one of (Us , us> 
and (u2 , u), a contradiction. Thus, if a vertex tl of K is joined to u2 of Kz , 
then u is joined to z13 of K3 . Since d(u, , uJ = 2, it follows that there is at 
most one grand clique K # Kl such that (K, K,), (K, KJ E -q(G). It is 
evident that there is no grand clique K such that either (K, K,), 
(K, KJ E h(G) or (K, KS) E h(G) and (K, KJ E q(G). Let now zlr, zi4 be the 
vertices joined to both u2 and uQ ; vi, zlq the vertcies joined to both v.) 
and vQ etc. There is a grand clique U, containing the vertex uq such that 
(K* , U,) E q(G); there is a grand clique I’, containing the vertex zig such 
that (K, , V,) E 7(G) and so on. Suppose first that two of the grand 
cliques U, , V, ,... are equal, say U, = V, . Then there are two bridges of 
type 1 between U, and K3 , so (U, , KS) E 7(G). Now it also follows that 
u, 1 v, ,... are all equal. Suppose next that U, , V, ,... are all distinct. Now 
(z-~+2)n>l+~(m-l)m 
and we have verified that G* satisfies conditions (I), (2), (3) of the theorem 
A CHARACTERIZATION OF A CLASS OF REGULAR GRAPHS 271 
with 171 replaced by m - 1. Also if K and L are vertices of G” at distance 
two, then d(K, L) < 4. So, by the results of [1], G* does not contain any 
claw of order m. Since k > m, it follows that, of the k grand cliques 
u, 2 v‘l ,... of G, two are joined by an edge in G*. Since (U, , V,) f h(G), 
without loss of generality let (U, , V,) E q(G). If (uz , X) is a bridge between 
K, and V4 then, by Lemma 4, u 2 , u4 and x belong to the same grand clique. 
Now (~4 , x) is a bridge of type 1 between (uq, tlgj and V, , and 
d(u, , 04) < 2. So, by Lemma 6, ((u, , u,), V,) E q(G). But (U, , V,) E v(G), 
a contradiction. Thus Kl and U, are the vertices of G* adjacent to both K, 
and K3 and it is easily seen that (Kl , U,) is not an edge in G*. 
Let Kl , K, be two grand cliques of G intersecting in a vertex u. Then 
there are k - PI bridges between Kl and KS , and a grand clique containing 
such a bridge cannot intersect any grand clique passing through u other 
than Kl and K2 . Thus it is clear that in G* more than (I - m + 2)~ vertices 
cannot be mutually joined by edges of type 2. 
Let Kl , K2, KS be vertices of G* such that (Kl , K2), (K, , KJ are edges 
of type 1 and (Kl , KS) is not an edge. Let K4 be the other vertex of G* 
adjacent to both Kl and K3 . Let (ui , u,), (vi , oj), etc. be bridges between 
Ki and Kj for (i, j) = (1, 2) (2, 3), (3, 4) (1, 4). Let L be a vertex of G* 
joined to both K2 and K3 ; let K be a vertex of G* joined to Kl but unjoined 
to K, and K4 . We will show that K and L cannot be joined in G*. 
Case (i). (K, K,), (t, K2) E X(G). Then (L, KS) E h(G) and let L be the 
grand clique containing the bridge (u, , UJ between K2 and K3 . Now 
K # (u, , u;> and K # lu i, ~1~). If (K, L) E X(G), then Kl and L have two 
bridges one of which is of type 1, so (Kl , L) E 7(G), a contradiction. If 
(K, L) E q(G), let o1 be the vertex common to K and Kl . Then u1 is joined 
to a vertex of L and so (Kl , L) E r(G), a contradiction. Thus (K, L) 
cannot be an edge in G* in this case. 
Case (ii). (K, Kl) E 7(G) and (L, K,) E h(G). As in case (i), let 
L = (ug, u&. If (K, L) E h(G), then the vertex common to K and L is 
joined to a vertex of Kl , so (Kl , L) E q(G), a contradiction. If (K, L) E 7(G), 
then, by Lemma 4, (Kl , L) E q(G), a contradiction. 
Case (iii). (K, Kl) E h(G) and (L, K,) E q(G). Let u be the vertex of L 
adjacent to u2 of K2 and ug of K3. If (K, L) E h(G), then, by Lemma 4, 
K , L) E q(G) and (ul , zr) is an edge, a contradiction since u # u2 . If 
(K, L) E 7(G), then the vertex common to K and Kl is joined to some vertex 
of L, hence (K, , L) E q(G) and (v, u) is an edge, a contradiction. 
Case (iv). (K, K,), (L, K2) E q(G). If (K, L) E h(G), then the vertex 
common to K and L is joined to some vertex of Kl , hence (Kl , L) E 7(G), 
a contradiction. If (K, L) E 7(G), let u be the vertex of L adjacent to ~1~ of K, 
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(and ug of KS). Then there exists a vertex x of K such that x is adjacent to u1 
and U. Since ((u, , u,), (ul , ~4~)) E v(G), x E (ul , ua). Hence, by Lemma 4, 
(K, &) E 7(G), a contradiction. 
This proves that G* satisfies condition (6’). 
Thus we have proved that G* satisfies the conditions (1) to (5), (6’) 
and (7) of the theorem with m replaced by m - 1. Since m - 1 < 4, by 
Lemma 5, G* satisfies condition (6) of the theorem (with m - I 
replacing m). So, by the induction hypothesis, G* = G(I, n, m - 1). Let 
S I. ,..., SI be I disjoint sets, each with n elements. Let C,,-,(K) be the 
(m - I)-tuple of elements of U:=r Si corresponding to the vertex K of G*. 
Let now u be a vertex of G and let K1 , K, ,..., K,,, be the grand cliques of G 
containing U. Define 
G&4 = Cm-,(&) u cm-,W,). 
Since (K1 , f&J is an edge of type 2 in G*, it follows that C,(U) is an m-tuple 
of elements of lJizl Si with at most one element from any Si . If m > 2, 
we will now verify that C,(U) is uniquely defined. If C,-,(K,) Q C&U), 
then clearly 
The number of (m - 1)-tuples with at most one element from each Si and 
containing the (m - 2)-tuple C,-, is (I - m + 2)n > m. Thus there is a 
grand clique K of G not containing the vertex u such that C,-, C C,-,(K). 
Then (K, KJ is an edge in G* for i = 1,2, 3, a contradiction since ZJ 4 K. 
Thus C&K,) C C,(U) and it follows that the union of any two of the 
sets C&&), i = 1, 2 ,..., m, equals the union of all of them. Since the 
number of (m - I)-tuples contained in C,(U) is exactly m, for any vertex u 
and any grand clique K of G, C,-,(K) C C,(U) if and only if u E K. 
Let now (u, V) be an edge of G and K = (u, v). Then C,,-,(K) C C,(U) 
and C,-,(K) C C,(v). Thus the m-tuples C,(U) and Cm(v) have a common 
(m - l)-tuple. Conversely, if ZJ and v are vertices of G such that C,(U) and 
C,(v) contain a common (m - I)-tuple C,,+, , then, if Kis the grand clique 
of G such that C,-,(K) = C,,-, , it follows that u E K and v E K. Hence 
(u, v) is an edge of G. Thus G = G(Z, n, m) and this completes the proof 
of the theorem. 
Taking I = m in the theorem, we have the following: 
COROLLARY 1. Jf G is a graph satisfying the following conditions for 
m < 5, then G = G(m, n, m): 
(1) The number of vertices of G is nm. 
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(2) G is regular of degree m(n - 1). 
(3) For any edge (x, y) of G, d(x, y) = n - 2. 
(4) If d(x, y) = 2, then there are exactly two vertices adjacent to both x 
and y; also the number of vertices which are at distance one from x and at 
distance 3 from v is (m - 2)(n - 1). 
(5) n > 1 + m(m + 1)/2. 
In this corollary, a slight reduction in the hypothesis is made possible 
by the conditions that G has edges of type 1 only and if d(x, y) = 2, then 
there are only two vertices joined to both x and y. This corollary was 
proved for m = 2 by Shrikhande [7] and for m = 3 by Laskar [5] (see also 
Dowling [3]). 
Taking m = 2 in the theorem, we get: 
COROLLARY 2. If a graph G satis$es the following conditions, then G is 
the line graph of the complete I-partite graph KS8,,.,.,, : 
(1) The number of vertices of G is (3 n2. 
(2) G is regular of degree 2[(1 - 1)n - 11. 
(3) For any edge (x, y) of G, L](x, y) is either (I - I)n - 2 or 
(1 - 1)n - I. Also the number of edges of the latter type is (3 n2(n - 1). 
(4) lfd(x, y) = 2, then there are at most four vertices joined to both x 
and y. 
(5) (I - I)n > 10. 
Conditions (5) and (6) of the theorem are omitted here and conditions (3), 
(4) are weakened. This is possible because G is a line graph as soon as every 
edge of G belongs to exactly one grand clique and every vertex of G 
belongs to exactly two grand cliques. If G = L(H), by condition (5) it 
can be shown (see [6]) that His the complete I-partite graph Kn,n,...,n . 
By taking n = 1 in our theorem we get a characterization of the T,,, 
graph when m < 5. This was already obtained for m = 2 by Connor [2], 
for m = 3 by Bose and Laskar [l], and for general m by Dowling [4]. 
It may be noted that, in Dowling’s theorem, condition (5) of our theorem 
is not assumed and condition (4) is weakened to: fl(x, y) < 4 whenever 
d(x, y) = 2. 
It is not known whether the theorem remains valid when condition (7) 
is dropped and whether any other condition is redundant for general values 
of 1. n and m. 
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